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Maximize $E[r_{0}(x0, u_{0})r1(X_{1}, u_{1})\cdots r_{N}-1(XN-1, u_{N-1})rG(xN)]$
subject to (i) $x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ (1)
(ii) $u_{n}\in U$ $n=0,1,$ $\ldots,$ $N-1$
$N\geq 2$
$X=\{s_{12n}, S, \cdots, S\}$
$U=\{a_{1}, a_{2}, \cdots, a_{m}\}$
$x_{n}\in X$ $n\in\{0,1, \cdots, N\}$
$u_{n}\in U$ $n\in\{0,1, \cdots, N-1\}$
$r_{n}$ : $X\cross Uarrow \mathrm{R}$ $n$ $X\cross U$
$r_{G}$ : $Xarrow \mathrm{R}$
$P$ $p(y|x, u)\geq 0\forall(x, u, y)\in X\cross U\cross X$
$\Sigma_{y\in \mathrm{x}p}(y|x,u)=1\forall(x, u)\in X\cross U$
$y\sim p(\cdot|X, u)$ $x$ , $u$ , $y$
$p(y|x, u)$ . (1) \iota $x_{0}$
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$\{u_{0}, u_{1}, \ldots, uN-1\}$ $N$ :
$E[r_{0}(x_{0}, u_{0})r_{1}(x_{1},u_{1})\cdots rN-1(xN-1,uN-1)r_{G}(x_{N})]$
$=, \sum_{x_{2}(x_{1}},\ldots,\sum_{\in x_{N})}\cdots\sum_{\mathrm{x}}.\{[r_{0}(_{Xu)}\cross\cdot\cdot \mathrm{x}\mathrm{x}0,0r1(_{Xu}1,1)\cdots rN-1(x_{N-1},u_{N-1})rc(x_{N})]$
$\cross p(x_{1}|x0, u_{0})p(X2|X_{1}, u_{1})\cdots p(XN|x_{N}-1,uN-1)\}$
– ( )
$\sigma=\{\sigma_{0}, \sigma_{1}, \ldots, \sigma N-1\}$ :
$\sigma_{0}$ : $Xarrow U$, $\sigma_{1}$ : $X\cross Xarrow U$, ... , $\sigma_{N-1}$ : $x\mathrm{x}\cdots\cross xarrow U$
$\sigma$ $\{u_{0}, x_{1},u1, x_{2}, \ldots,uN-1, XN\}$ :
$\sigma_{0}(_{X}0)=u_{0}$ $arrow p(\cdot|X_{0}, u0)\sim X1$ $arrow$
$\sigma_{1}(X_{0}, X1)=u_{1}$ $arrow p(\cdot|X_{1}, u_{1})\sim x_{2}$ $arrow$
$\sigma_{N-1}.(x_{0}, \ldots, XN-1)=u_{N}-1$ $arrow p(\cdot|_{X_{N1}}-, u_{N-1})\sim x_{N}$
$\pi=\{\pi_{0}, \pi_{1}, \ldots , \pi_{N-1}\}$
:
$\pi_{n}$ : $Xarrow U$, $n=0,1,$ $\ldots,$ $N-1$
$\pi$ $\{u_{0}, x1, u1, X_{2}, \ldots,uN-1, XN\}$ :
$\pi_{0}(X_{0})=u_{0}$ $arrow p(\cdot|x_{0}, u_{0})\sim x_{1}$ $arrow$
$\pi_{1}(x_{1})=u_{1}$ $arrow p(\cdot|x_{1}, u_{1})\sim x_{2}$ $arrow$
$\pi_{N-1}(x_{N1}-)=u_{N}-1$ $arrow p(\cdot|x_{N-1}, u_{N-1})\sim X_{N}$
$r_{n}(x, u)\geq 0$ $\forall(x, u)\in X\cross U$, $0\leq^{\forall}n\leq N-1$ (2)
– :
$\underline{{\rm Max}}.\mathrm{i}\mathrm{m}_{\ovalbox{\tt\small REJECT}^{\mathrm{e}}}\sigma\cdot\Re\otimes^{\mathrm{i}\mathrm{z}}$
$E[r_{0}(X_{0}, u_{0})r_{1}(X1, u1)\cdots rN-1(x_{N1}-, u_{N_{-}1})rG(x_{N})]$
subject to (i) $x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ (3)
(ii) $u_{n}\in U$ $n=0,1,$ $\ldots,$ $N-1$
: Maximize $E[r_{0}(x_{0}, u_{0})r_{1}(X1, u_{1})\cdots rN-1(XN-1, u_{N-1})r_{G}(xN)]$
$\pi$ :
subject to (i) $x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ (4)
(ii) $u_{n}\in U$ $n=0,1,$ $\ldots,$ $N-1$
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$x_{n}$ – $\sigma=\{\sigma_{n}, \sigma\sigma n\dagger 1, \ldots,N-1\}$
$\{u_{n}, u_{n+1}, . .\wedge’ u_{N-1}\}$ $I^{n}$ :
$I^{n}(_{X_{n_{)}}}\cdot\sigma)$
$= \sum_{(x_{n+n}1x}\sum_{x+2N},.\cdot..\cdot,\cdot\sum\{.$
[$..r_{n}(x_{n},$ un), $rn+1(_{X}n+1,$ $un+1)\cdots r_{N-1}(xN-1,$ $u_{N-1})r_{G}(x_{N})$ ]
$)\in X\cross\cross \mathrm{x}$




$V^{N}(x_{N})$ $=$ $r_{G}(x_{N})$ $x_{N}\in X$
$V^{n}(x_{n})$
$\sigma=\{\sigma_{n},\ldots,\sigma_{N}-1\}={\rm Max} I^{n}(X;n\sigma)$
$x_{n}\in X$ , $0\leq n\leq N-1$
:
$W^{N}(x_{N})$ $=$ $r_{G}(x_{N})$ $x_{N}\in X$
$W^{n}(x_{n}) \sigma=\{\sigma_{n’\cdots N-}=\min_{\sigma},In1\}(_{X_{n}};\sigma)$
$x_{n}\in X$ , $0\leq n\leq N-1$
$\sigma=\{\sigma_{n}, \sigma_{n+1}1, \ldots, \sigma_{N}-\}$ :
$\sigma_{n}:Xarrow U$, $\sigma_{n+1}:X\cross Xarrow U$, ... , $\sigma_{N-1}:X\mathrm{x}\cdots\cross Xarrow U$
$\{u_{n}, x_{n+}1, u+n1, X+2, \ldots, uN-1, xnN\}$ :
$\sigma_{n}(X_{n})=un$ $arrow p(\cdot|X_{n}, u_{n})\sim x_{n+1}$ $arrow$
$\sigma_{n+1}(x_{n}, xn+1)=u_{n+1}$ $arrow p(\cdot|X_{n}u_{n+}+1,1)\sim x_{n+2}$ $arrow$




$V^{N}(x)$ $=$ $r_{G}(x)$ $x\in X$ (5)
$V^{n}(x)$
$={\rm Max}|u \in U(n,x_{)}-y\in yr_{n}(x, u)\sum_{X}Wn+1(y)p(|X, u)]$
(6)
$\vee \mathrm{M}\mathrm{a}\mathrm{x}u\in U(n,x,+\dagger^{r_{n}}(X, u)\sum_{v\in x}Vn+1(y)p(y|X, u)]$
$W^{N}(x)$ $=$ $r_{G}(x)$ $x\in X$ (7)
$W^{n}(x)$
$= \min_{u\in U(n,x)-}|^{r_{n}}(x, u)\sum_{y\in x}Vn+1(y)p(y|x, u)]$
(8)
$\wedge\min_{+u\in U(n)x},|^{r}n(X, u)\sum_{Xv\in}W^{n}+1(y)p(y|x, u)]$
$x\in X,$ $\cdot 0\leq n\leq N-1$
$U(n, x, -)=\{u\in U|r_{n}(x, u)<0\},$ $U(n, x, +)=\{u\in U|r_{n}(x, u)\geq 0\}$
$V^{n}$ ( ) $\pi=\{\pi_{0}, \pi_{1}, \ldots, \pi N-1\}$
$W^{n}$ ( ) $\sigma=\{\sigma_{0}, \sigma 0, \ldots, \sigma N-1\}$
(1) – $\mu=..\{\mu 0, ’\mu 1, \ldots , \mu_{N-1,-}\}$ $\pi,$
$\sigma^{1}$








































$\pi_{N-1}(_{X_{0}}, \ldots, XN-1)$ .







$-1\leq$ $r_{n}(x, u)$ $\leq 1$ $\forall(x, u)\in X\cross U,$ $0\leq^{\forall}n\leq N$ –1




Maximize $E[\lambda_{0}r_{0(x_{0},u_{0})}r_{1}(X1, u_{1})\cdots rN-1(XN-1, u_{N-1})r_{c}(x_{N})]$
subject to (i) $x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ (9)
(ii) $u_{n}\in U$ $n=0,1,$ $\ldots,$ $N-1$
$\lambda_{n}\in$ $[1, 1]$ $(X\cross[-1,1])$
(9) $\lambda_{0}=1$ (1)
(9) – ( )
– $\sigma=\{\sigma_{0}, \sigma_{1}, \ldots, \sigma_{N-1}\}$
$\sigma_{0}$ : $X\cross[-1,1]arrow U$
$\sigma_{1}$ : $(X\cross[-1,1])\cross(X\cross[-1,1])arrow U$
$\sigma_{N-1}$ : $(X\cross[-1,1])\cross\cdots \mathrm{x}(x_{\mathrm{x}}[-1,1])arrow U$






$\sigma_{1}(X_{0}, X1)=u_{1}$ $arrow$ $arrow$
$\lambda_{1}r_{1}(x_{1}, u_{1})=\lambda_{2}$
$p(\cdot|X_{N-1}, uN-1)\sim x_{N}$
$\sigma_{N-1}(x_{0}, \ldots, x_{N}-1)=u_{N}-1$ $arrow$
$\lambda_{N-1}r_{N-1}(xN-1, uN-1)=\lambda_{N}$
(9) $x_{n},$ $\lambda_{n}$
– $\sigma=\{\sigma_{n}, \sigma_{n+1}, \ldots, \sigma_{N-1}\}$
$K^{n}(X_{n}, \lambda_{n} ; \sigma)=\sum_{+(x_{n+1},xn2},.\sum_{\in x_{N})}..,\cdots\sum_{\mathrm{x}X\cross X}\{.[..\lambda_{n}\cross Xr_{n}(xu_{n}n’)r_{n+1}(Xn+1, u+n1)\cdots r_{N-1}(xN-1, uN-1)r_{G}(x_{N})]$




$V^{N}(x_{N}, \lambda_{N})$ $=$ $\lambda_{N}r_{G}(x_{N})$ $x_{N}\in X$, $-1\leq\lambda_{N}\leq 1$
$V^{n}(X_{n}, \lambda_{n})$
$\sigma=\{\sigma_{n},\ldots,\sigma_{N-1}\}={\rm Max} K^{n}(X_{n}, \lambda_{n} ; \sigma)$




$V^{N}(X, \lambda)$ $=$ $\lambda r_{G}(x)$ $x\in X$ , $\lambda\in[-1,- 1]$
$V^{n}(X, \lambda)$ $=$
${\rm Max} \sum_{xy\in}V^{n}+1(y, \lambda rn(x, u))p(u\in Uy|X, u)$
$x\in X$ , $\lambda\in[-1,1]$
$0\leq n\leq N-1$
(9) ( )
$\pi=\{\pi_{0}, \pi_{1}, \ldots, \pi_{N-1}\}$















$\lambda_{N}r_{c}(x_{N})$ $x_{N}\in X$ , $-1\leq\lambda_{N}\leq 1$
$v^{n}(X_{n}, \lambda_{n})$
$\pi=\{\pi_{n},\ldots,\pi_{N-1}\}={\rm Max} K^{n}(X_{n}, \lambda_{n} ; \pi)$




$v^{N}(x, \lambda)$ $=$ $\lambda r_{G}(x)$ $x\in X$ , $\lambda\in[-1,1]$ (10)
$v^{n}(X, \lambda)$ $=$
${\rm Max} \sum_{x}u\in Uy\in v^{n+}(1y, \lambda r_{n}(X, u))p(y|X, u)$
$x\in X$ , $\lambda\in[-1,1]$ (11)
$0\leq n\leq N-1$
165
31 32 $V^{n}$ $v^{n}$
$V^{n}$ $v^{n}$
33 (i) $V^{0}(\cdot)$ . $\pi^{*}$
:
$V^{0}(X_{0}, \lambda_{0})=K^{0}(x_{0,0}\lambda ; \pi^{*})$ for all $(x_{0}, \lambda_{0})\in X\cross[0,1]$
(ii) – :
$v^{n}(x, \lambda)=V^{n}(x, \lambda)$ $(x, \lambda)\in X\cross[0,1]$ , $0\leq n\leq N$
(iii) (9) $\pi^{*}=\{\pi_{0}^{*}, \pi_{1}^{*}, \ldots, \pi_{N-1}^{*}\}$ ,
(1) $\sigma^{*}=\{\sigma_{0}^{*}, \sigma_{1}*, \ldots, \sigma_{N-1}^{*}\}$ :
$\sigma_{0}^{*}(X_{0}):=\pi_{0}^{*}(_{X\lambda}0,0)$ , $\lambda_{0}:=1$
$\sigma_{1}^{*}(x_{0,1}x):=\pi_{1}^{*}(X_{1,1}\lambda)$ $\lambda_{1}=\lambda_{0}r\mathrm{o}(x_{0,0}u)$ , $u_{0}=\pi_{0}^{*}(X0, \lambda 0)$
$\sigma_{2}^{*}(x_{0}, x_{1}, X_{2}):=\pi_{2}^{*}(X_{2,2}\lambda)$ $\lambda_{2}=\lambda_{1}r_{1}(X1, u1)$ , $u_{1}=\pi_{1}^{*}(X_{1,1}\lambda)$ ,
$\lambda_{1}=\lambda_{0}r_{0}(X0, u\mathrm{o})$ , $u_{0}=\pi_{0}*(X0, \lambda_{0})$
$\sigma_{N-1}(x_{0}, x1, \ldots, XN-1):=\pi_{N1}-(X_{N_{-1}}, \lambda_{N_{-1}})$
$\lambda_{N-1}=\lambda_{N}-2r_{N-}2(XN-2, uN-2)$ , $u_{N-2}=\pi N-2(X_{N-}2, \lambda_{N-2})$ ,
$\lambda_{N-2}=\lambda_{N3N}-r-\mathrm{s}(_{X_{N-}}3, u_{N\mathrm{s}}-)$ , $u_{N-\mathrm{s}=}\pi N-3(X_{N-}3, \lambda N_{-3})$ ,






subject to (i) $x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ $n=0,1$ (12)
(ii) $u_{0}\in U,$ $u_{1}\in U$
$r_{G}(s_{1})=0.3$ $r_{G}(s_{2})=1.0$ $r_{G}(S_{3})=-0.8$
$r_{1}(a_{1})=-1.0$ $r_{1}(a_{2})=0.6$ $r_{0}(a_{1})=-0.7$ $r_{0}(a_{2})=1.0$
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$\underline{u_{t}=a_{1}}$ $\underline{u_{t}=a_{2}}$
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4.1




$V^{1}(s_{1})$ $=$ $[(-1.0)\cross\{0.3\cross 0.8+1.0\mathrm{x}0.1+(^{-}-0.8)\mathrm{x}0.1\}]$
V $[0.6\cross\{0.3\cross 0.1+1.0\cross 0.9+(-0.8)\cross 0.0\}]$
$=$ $(-0.26)\mathrm{v}0.558$
$=$ 0.558 $\pi_{1}^{*}(s_{1})=a2$
$V^{1}(s_{2})$ $=$ $[(-1.0)\cross\{0.3\cross 0.0+1.0\cross 0.1+(-0.8)\cross 0.9\}]$
V $[0.6\cross\{0.3\cross 0.8+1.0\cross 0.1+(-0.8)\cross 0.1\}]$
$=$ 0.62 $0.156$
$=$ 0.62 $\pi_{1}^{*}(s_{2})=a_{1}$
$V^{1}(s_{3})$ $=$ $[(-1.0)\cross\{0.3\cross 0.8+1.0 \cross 0.1+(-0.8)\cross 0.1\}]$




$W^{1}(s_{1})$ $=$ $-0.26$ $W^{1}(s_{2})$ $=$ 0.156 $W^{1}(s_{3})$ $=$ -0.414
$\hat{\sigma}_{1}(s_{1})$ $=$ $a_{1}$ $\hat{\sigma}_{1}(s_{2})$ $=$ $a_{2}$ $\hat{\sigma}_{1}(s_{3})$ $=$ $a_{2}$
$V^{0}(g_{1})$ $=$ 0.6138 $V^{0}(S_{2})$ $=$ 0.4824 $V^{0}(s_{3})$ $=$ 0.16366
$\pi_{0}^{*}(g_{1})$ $=$ $a_{2}$ $\pi_{0}^{*}(s_{2})$ $=$ $a_{2}$ $\pi_{0}^{*}(s_{3})$ $=$ $a_{1}$
$W^{0}(S_{1})$ $=$ -0.33768 $W^{0}(s_{2})$ $=$ -0.2338 $W^{0}(S_{3})$ $=$ -0.3986















$\mu_{1}^{*}(s_{1}, s_{1})=\pi_{1}^{*}(S_{1})=a2$, $\mu_{1}^{*}(_{S_{1}}, s2)=\pi^{*}(_{S}12)=a_{1}$ , $\mu_{1}^{*}(s_{1}, g_{3})=\pi_{1}^{*}(_{S}3)=a_{1}$
$\bullet$ $r_{0}(\pi_{0}^{*}(s2))=r0(a2)=1.0>0$
$\mu_{1}^{*}(s_{2,1}s)=\pi_{1}^{*}(_{S}1)=a_{2}$ , $\mu_{1}^{*}(s_{2}, S_{2})=\pi^{*}1(_{S_{2}})=a_{1}$ , $\mu_{1}^{*}(_{S_{2}}, s\mathrm{s})=\pi_{1}^{*}(_{S}3)=O_{1}$
$\bullet r_{0}(\pi^{*}0(s_{3}))=r_{0(}a1)=-0.7<0$
$\mu_{1}^{*}(s_{3,1}s)=\hat{\sigma}_{1}(s_{1})=a_{1}$ , $\mu_{1}^{*}(s_{3}, S_{2})=\hat{\sigma}1(s_{2})=a_{2}$ , $\mu_{1}^{*}(_{S}3, s_{3})=\hat{\sigma}_{1}(g_{3})=a_{2}$
4.2
(12) (9) 3.1 (10)(11)
$v^{2}(x_{2;2}\lambda)=\lambda_{2}\cross r_{G}(x_{2})$
$v^{2}(s_{1;2}\lambda)=\lambda_{2}\cross 0.3$ , $v^{2}(s_{2}; \lambda 2)=\lambda_{2}\mathrm{x}1.0$, $v^{2}(s_{3};\lambda_{2})=\lambda_{2}\cross(-0.8)$
$v^{1}(x_{1}; \lambda_{1})={\rm Max}\sum_{2x\in \mathrm{x}}v^{2}(Xu1\in U2;\lambda_{1}\mathrm{x}r_{1}(x1, u_{1}))P(x_{2}|x1, u1)$
$v^{1}(g_{1;)}\lambda_{1}$
$=$
$\sum_{x_{2}\in X}v(x_{2;}\lambda_{1^{\cross}}r_{1}(a1))p(x_{2}2|s_{1}, a1)\sum_{x2\in X}v^{2}(X2;\lambda_{1}\mathrm{x}r_{1}(a_{2}))p(x2|s_{1}, a_{2})$
$=$ $[\lambda_{1}\cross(-1.0)\mathrm{x}0.3\cross 0.8+\lambda_{1}\cross(-1.0)\cross 1.0\cross 0.1+\lambda_{1}\cross(-1.0)\cross(-0.8)\cross 0.1]$
V $[\lambda_{1}\cross 0.6\cross 0.3\cross 0.1+\lambda_{1}\cross 0.6\mathrm{x}1.0\cross 0.9+\lambda_{1}\cross 0.6\cross(-0.8)\cross 0.0]$
$=$ $[\lambda_{1}\cross(-0.26)]\vee[\lambda_{1}\mathrm{x} 0.558]$
$=$ $\{$
$\lambda_{1}\cross(-0.26)$ for $-1\leq\lambda_{1}\leq 0$
$\lambda_{1}\cross 0.558$ for $0\leq\lambda_{1}\leq 1$
$\pi_{1}^{*}(s_{1;\lambda_{1})}=\{$
$a_{1}$ for $-1\leq\lambda_{1}\leq 0$







(12) $\tilde{\gamma}=\{\tilde{\gamma}_{0},\tilde{\gamma}_{1}\}$ $\pi_{0}^{*}(X_{0}, \lambda_{0})$ $\lambda_{0}=1$
$\tilde{\gamma}_{0}(s_{1})=\pi_{0}^{*}(_{S_{1},1})=a_{2}$ , $\tilde{\gamma}_{0}(S_{2})=\pi_{0}^{*}(g2,1)=a_{2}$ , $\tilde{\gamma}_{0}(s_{3})=\pi_{0(_{S_{3}},1}^{*})=a_{1}$
$\tilde{\gamma}_{1}(x_{0,1}x)$ $=$ $\pi_{1}^{*}(x_{1,1}\lambda)=\pi_{1}^{*}(x_{1}, \lambda_{0}\cross r_{0}(u\mathrm{o}))$ $u_{0}=\pi_{0}^{*}(x_{0}, \lambda_{0})$ , $\lambda_{0}=1.0$
$\tilde{\gamma}_{1}(s_{1}, x1)=\pi^{*}1(X_{1,0}r(a2))=\pi_{1}^{*}(x1,1.\mathrm{o})$
$\tilde{\gamma}_{1}(S_{2}, X_{1})=\pi^{*}1(x_{1,0}r(a2))=\pi 1*(x1,1.\mathrm{o})$
$\tilde{\gamma}_{1}(s_{3}, X_{1})=\pi^{*}1(x_{1}, r0(a1))=\pi_{1}^{*}(x_{1}, -0.7)$
$\tilde{\gamma}_{1}(s_{1}, s1)=a_{2}$ , $\tilde{\gamma}_{1}(s_{2,1}S)=a_{2}$ , $\tilde{\gamma}_{1}(s_{3}, s1)=a_{1}$
$\tilde{\gamma}_{1}(s_{1}, s2)=a_{1}$ , $\tilde{\gamma}_{1}(g_{22}, g)=a_{1}$ , $\tilde{\gamma}_{1}(s_{3,2}S)=a_{2}$
$\tilde{\gamma}_{1}(_{S_{1}}, s_{\mathrm{s}})=a1$ , $\tilde{\gamma}_{1}(s_{2,3}S)=a_{1}$ , $\tilde{\gamma}_{1}(s_{\mathrm{s}}, s3)=a2$
–
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1: $s_{1}$ 2
\sim 2, $s_{3}$ (12)
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4.4 –
(12) $\pi=\{\pi_{0}, \pi_{1}\}$ :
– –
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